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OOPMYJIA JIEHBHHIJA JJJlSi KOBAPHAHTHOH nPOH3BOAHOH H 
HEKOTOPblE EE IIPHJIO^KEHHil 

A. B. TaBpHjioB 



rTojiy^ieHa cpopMyjia fljia bbicihhx KOBapnaHTHBix npoH3BO,n,HBix Ha TeroopHOM npoH3Be,n,eHHH 
BeKTopHbix paccjToeHHii, aBJiaiomaaca ihhpokhm o6o6meHHeM KjiaccHnecKoii cpopMyjiBi Jleii6HHD,a. 
ITocTpoeH ajrropHTM BBi^incjieHiia jihhghhoh no BTopoit nepeMeHHoit nacTH pafla Tefijiopa flBOHHoro 
9KcnoHeHn,HajibHoro OTo6pa>KeHiia. 

KjiiOHeBBie cjiOBa h <ppa3Bi: acpcpHHHaa cbs3hoctb, cb33hoctb Ha b6ktophom paccjioeHHH, bbic- 
Hine KOBapnaHTHBie npoH3BO,a,HBie, komho3hhhh aKcnoHeHiniajiBHBix OTo6pa>KeHHH. 

1. BBEflEHHE 

IlycTb A4 - rjia^Koe MHoroo6pa3nc h E — > M. - raaflKoe BeKTopHoe paccjioemie. Hepe3 
5 = mm o6o3HaHaeM ajireSpy rjia/ninx cpyHKHiiii na M. J ~ MOjryjit rjiajxKHx cene- 

hhh E mbi o6o3HaHaeM T(A4 1 E). ,Hjih MOJiyjiii ceneHHH KacaTejibHoro paccjioeHHH, T.e. /j;jih 
npocTpaHCTBa bcktophmx nojieft, Hcnojn>3yeTCH o6o3HaneHHe V = V{M) = T(A4 1 TA4). 
Chmbojibi T n ii T n 03HaHaiOT cootbgtctbghho KOHTpaBapnaHTHtie h KOBapnaHTHBie TeH- 
3opHbie paccjioeHHH cooTBeTCTByioiHero paHra: T n M = TM® n , T n M = T*M® n . Mepe3 
Diff(r(.M, E)) 6yn,eM o6o3HaHaTb ajire6py flHcpepepeHHHajibHbix onepaTopoB, fleHCTByioiniix 
b npocTpaHCTBe ceneHHii E. 

KoBapiiaHTHOft npoH3BOflHoii Ha bcktophom paccjioeHHH E Ha3tmaeTCH jiHHeiiHMH one- 
paTop 

V : T(M,E) ->■ T(M,TiM <8 E), 
jijih KOToporo HMeeT MecTO TOJKflecTBO 

V(/u) - /V(u) + df®u,fe3,ue T(M.E). 

Cbh3hoctb Ha BeKTopHOM paccjioeHHH - to >Ke, hto h KOBapnaHTHaH npoH3BO,n;HaH Ha hSm 
(,h,jih cbh3hocth Ha 6ojiee o6ihhx paccjioeHHHx Taxoe onpejrejieHHe HenpHro/i,Ho) . AcpcpHH- 
Hyio CBH3HOCTb Ha MHoroo6pa3HH M. mo)kho paccMaTpHBaTb Kax HacTHbiit cjiynait, a hmchho 
KaK cbh3hocti> Ha KOKacaTejibHOM paccjioeHHH T\M. (hjih, hto to }Ke caMoe, Ha KacaTejit- 
hom paccjioeHHH) . Ecjih hmciotch #Ba paccjioeHHH co cbh3hocthmh E\,E 2 — > M. , to Ha ix 

TeH30pHOM npOH3BejJ,eHHH El <g) E2 eCTeCTBCHHblM 06pa30M BBOflHTCH CBH3HOCTB 

V : T{M,Ex ® E 2 ) ->■ T(M,TiM <8> E t ® E 2 ), 

corjiacHO npaBHjiy 

Vmi ®U 2 — (V«i) ® U 2 + Ml (g> (VU2)- 

IIpejj,nojiojKHM, hto Ha M. HMeeTca acpcpHHHan cbh3hoctb h paccjioeHHe E —> M Taicste 
CHa6>KeHO cbh3hoctbk>. Torjj,a onepaTop KOBapnaHTHOii npoH3BOjj,HOH pacnpocTpaHaeTCH Ha 
Bee paccjioeHHH BHjj,a T n AA ® E: 

V : T{M,T n M®E) -> T{M,T n+1 M ®E), n>0. 
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IIo OnpeflejieHHK), BblCIHHMH KOBapHaHTHblMH npOH3B0flHbIMH Ha3MBaK>TCH CTeneHH STOrO 

onepaTopa: 

V" : T(M,E) -> T{M,T n M ® E). 

KjiaccHnecKaa cpopiviyjia JTefi:6HHHa BbipajKaeT Bbicinne npoH3BO,n,Hbie npon3Be,zi,eHHH ne- 
pe3 npoH3BO,n;Hbie coMHOJKHTejieii: 

{fg) [n) = E ( n )f {m) 9 {n - m) , f,g e 5(R d ). 

m=0 ^ ' 

Oahoh h3 nejien HacToaineft pa6oTbi sBjiaeTca o6o6mcHHe cpopMyjibi JIen6Hnn,a Ha KOBa- 
pnaHTHBie npoH3BOflHbie Ha paccjioemrax. Hmchho, humh 6yn,eT nojiyneHO BbipajKeHne npo- 
H3BOflHoii V n (ui 0^2), rfle Ui E T(M,Ei), u 2 € I^A^-E^), nepe3 npoH3BO,n,Hbie BH^a 
V m ui ® V n ~ m U2- B KanecTBe cjic/^ctbhh 6ya;eT nojiyneHO HOBoe flOKa3aTejibCTBO Teope- 
Mbi 1 [3], 6ojiee reoMeTpn^moe no CBoeMy xapaKTepy h 6ojiee npo3paHHoe b cpaBHeHHH c 
nepBOHaHajibHBiM. 

Bo BTopoii HacTH pa6oTbi paccMaTpnBaeTca npHjiojKCHHe 3toh (popMyjibi k sa^a^e, cbs- 
3aHHOii c ^bohhbim SKcnoHGHi^HajiBHbiM OTo6pajKeHHeM. Penb HfleT o BbiHHCjieHHH pafla Tefi- 
jiopa BBefleHHOit b [1] cpyHKHHH h(v, w) no nepeivreHHbiM v, w. Cyzyi no BceMy, b nejiOM sto 
BecbMa cjiojKHaa npoGjieivia. 0,u;HaKO, ncnojib3yH ajire6pannecKne MeTO/nj uapRpy c reo- 

MeTpHHeCKHMH COoGpajKCHHHMH, yflaeTCH nOCTpOHTb ajirOpHTM , n03BOJIHK>inHH HaXOflHTb 

jiHHCiiHbie no BTopoii nepeMeHHOii cjiaraeMbie pa/ja c ,n,ocTaTOHHOH sepcpeKTHBHOCTbio. 

2. KOBAPHAHTHAH OOPMYJIA JlEHBHHI^A 

Xoth KOBapnaHTHoe o6o6meHHe (popMyjibi JIen6HHna He oneHb cjiojkho no CBoeMy coflep- 
>KaHHio, ero cpopMyjinpoBica He TaK yjK OHeBH/nra. C cpopMajibHoft tohkh 3pchhh, cmbicji 
STOii (popMyjibi coctoht b hbhom onHcaHHH onpe,n,ejieHHbix ceneHHH paccjioeHHH Bn^a 

Rom(T m M (giEx® T n ^ m M <g> E 2 ,T n M (g>E 1 ®E 2 ). 

^Q,OBOjibHO Tpyznro no,no6paTb noflxoflaniH pjisi TaKoro onncaHHH H3MK. 

IIpocTeHniHH, no mhchhio aBTopa, nyTb 3aKjnonaeTCH b ncnojib30BaHHH Bbicinnx npoH3- 

BOflHblX B COnCTaHHH CO CBepTKOH C KOHTpaBapnaHTHblM TeH30pOM. Ecjih A 6 T{M. 1 T n M) 

ecTb TeH3opHoe nojie paHra n, to onpe^ejieHa CBepTKa A c V n , HBjunoinaHCH onepaTopoM 
BHfla 

A ■ V" : u ^ A • (V n u), u e V(M, E). 

ITpHMCHHH 3Ty KOHCTpyKHIHO Ha npaKTHKG, Heo6xOflHMO CJieflHTb 3a nOpHflKOM HHGKCOB B 

A h V™ bo H36e?KaHHe nyTaHnnbi ( stot Bonpoc no,npo6HO paccMaTpnBaeTca b KHHre Ilajic, 
yKa3aHHOii b 6H6jinorpacpHH k [3]). fljia CBepTKH c TeH3opHbiM npon3Be,n,eHHeM BeKTopHbix 
nojieii oGmhho ncnojib3yeTCH o6o3HaHeHnc 

V",,...,^ = (Vl ® • • • ® V n ) ■ V", V U . . . , V n G V. 

Cneflya [3], mm 6yn,eM o6o3HanaTb onepaTop A- V™, fleiicTByK)in;HH b paccjioeHHH E, nepe3 
(j,e(A) G Diff (T(A4, E)). KaK h b [3], mm 6ya,eM ncnojib30BaTb o6o3HaHeHHe 

T(M) = 0r(M,T n M) 

n>a 

,h,jih (popMajibHofl cyMMbi ^ - MO,n,yjieH ceneHnii TeH3opHbix paccjioeHnii (cHHTaa T(A4, T°A4) = 
5). 3jieMeHTaMH T(M.) hbjishotch (KOHe^Hbie) (popMajibHbie cyMMbi TeH3opHbix nojieii pa3- 
jiHHHoro paHra. 3tot MO^yjib HBjiaeTCH $ - ajire6pon OTHOCHTejibno TeH3opHoro yMHOJKeHna. 
HaM 6y,n;eT nojie3Ha cjie,nyioni,aa 

JleMMa 1 Ilycmb na MHozoo6pa3uu uMewmcH dea eenmopHUX paccAoenusi 
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Ei , E2 — > M. ■ Tozda ecmecmeeHHoe omo6paotceHue 

T(M,Ei) ® T(M,E 2 ) -> r(M, £?i <8> £2) 

MBAfiemcM u30Mop<fiu3MOM $ - Modyneil. 

YTBepjKfleHHe jkmmbi xopoino h3bcctho h jierxo ,z];0Ka3biBaeTCH, HanpHMep, npii noMonni 
pa36neHHH e,2niHHirbi. OjiHaKO aBTop, k cojKajieHHio, He Haineji HyjKHOii cpopMynnpoBKH b 
jiHTepaType. B cjiynae, KOiyja E\ h E2 - KOBapnaHTHbie TeroopHbie paccjioemia, oho SKBHBa- 
ji6htho npefljiojKCHHio 3.1 H3 [4, rji I]. Ojxhhm h3 cjie,zi,CTBHH jieMMbi HBjiaeTca KaHOHnnecKHfi 

H30MOp(pH3M 

T(M) = T d (V), 

KOTopbift 6yn,eT Hcnojib30BaH flajiee. 

OnepaTop /i£ Ha paccjioeHHH co CBa3HOCTbK> mojkho paccMaTpnBaTb KaK roMOMopcpH3M 
# - MOjryjieii: 

He ■ T(M) -> DiS(T(M,E)), ^ E :A^A-V n . 
Cjiepyei homhhtb, hto oh ne HBjiaeTca roMOMopcpH3MOM ajire6p. IIpHBO/niMaH HH»ce cpop- 
Myjia (4) KaK pa3 noKa3biBaeT, b KaKoft Mepe [Ie OTjinnaeTCH ot roMOMopcpH3Ma ajire6p (Hafl 
nojieM M). 

Ecjih HMeiOTca jxBa paccjioeHHH co cbh3hoctbio E\ , £2 M., to Ka»;,ii,OMy ajieMeHTy 
A G T(M) mojkho nocTaBHTb b cooTBeTCTBHe Tpn onepaTopa, fleifcTByioiHHe b pa3Hbix 
paccjioeHHHx: 

HeM) € Diflf(r(M,£7i)), heM) G Diff(r(X,£7 2 )), He^eM) e Diff(r(A4,£7i ®£ 2 )). 

KoBapnaHTHaa cpopMyna JIeii6HHHa ycTaHaBjiHBaeT cbh3b MejKjjy sthmh TpeMH onepa- 
TopaMH. HTo6bi ccpopMyjiHpoBaTb ee, Hail noTpe6yeTCH BBe^eHHoe b [3] KoyMHO»ceHHe b 
ajire6pe T(M), KOTopoe HBjiaeTca ^ - jihhchhmm OTo6pajKCHHeM BHfla 

A : T(M) -»• T(M)&T(M). 

KaK h b [3], mbi Hcnojib3yeM 3HaK ® fljia Toro, HTo6bi OTjinnaTB cooTBeTCTByiomee yMHOxce- 
Hne ot yMHOJKeHHH b ajire6pe T(A4) (o6o3HaHaeMoro, KaK o6bihho, chmbojiom ®). KpoMe 
Toro, mbi HcnojiB3yeM o6o3HaneHHe tE 1 ^E 2 W 13 ecTecTBeHHoro OTo6pajK6HHH nepexo^a k 
TemopHOMy npoH3Beji,eHHio Hafl 

t El ®E 2 : r(M, £1) ® r(M, e 2 ) -> r(yw, £\) ® r(M, £? 2 ) = r(M, £?i ® £ 2 ). 

K 5 
TeopeMa 1 JJah bcxkozo A G T(.M) cAedymvu^asi duaapaMMa KOMMymamuena: 

r(M, El )®r(M,E2) SwA ' El(A<1)) ^ E2( - 4(2)) ) r(M, El )®T(M,E 2 ) 

3,a,ecB HcnojiB30BaHBi oGbiHHbie o6o3HaHCHHH CBHfljiepa. OToGpajKeHne b BepxHefi CTpoKe 
.zpiarpaMMbi fleiiCTByeT cjiejiyioiHHM o6pa30M: 

^2fJ, El (A W ) <g> He 2 (A(2)) ■ Ul ®U 2 ^^2fi El ( A (l)) u l ® MB 2 ( U (2))W2, 
(A) R (A) 5 

r^e ui G T(M, Ei), u 2 G r(A4,-E 2 ) h A (A) = S(A) ^(1)^^(2) ■ ITpHHHHa, no KOTopoii 
,n,HarpaMMa nanHHaeTca c TeraopHoro npoH3Beji,eHHH ^ - MO^yjieii Hajj; BemecTBeHHBiM nojieM, 
saKjuonaeTCH b tom, hto onepaTopBi /i^^A^j) h he 2 {A^ 2 )) He HBjiaiOTca J - jihhchhbimh, 
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nosTOMy OTo6pa»ceHHe b BepxHeii CTpoKe Hejn>3H, no cpopMajibHbiM npiiiimaM, npiiMeHHTb 
k npoH3BefleHHio T(M,Ei) <g) T(M, E 2 ). 

YTBepjKfleHHe TeopeMM mojkho 3anHcaTb b cpopMe paBencTBa 

Ve 1 ®e 2 (A)u 1 ® u i = ^2heAA(i))ui ® ^E 2 { A ( 2 ))u 2 , A e T(M), (1) 

(A) 

KOTopoe h aBjiaeTCH KOBapiiaHTHMM o6o6m,eHHe (popMyjibi JTeiMSmiHa. HtoSbi b stom y6e- 
flHTbca, paccMOTpHM cjryHaft A = w®", iyje v £ V - BeKTopHoe nojie. TaK KaK A(w® n ) = 
E™ =0 (™) V ^ m ®z;®"- m [3, §3], mh nojiynaeM 

m=0 ^ ' 

IIo jinHeHHOCTii nocjie^Hee paBencTBO npoflOjcKaeTCH Ha ciiMMeTpiiHHbie TeH3opbi A G T(M); 
cjieflya [3], mm mojkem nepenncaTb ero b MyjibTHHHfleKCHOfi cpopMe (b jiOKajibHbix Koop/ni- 
HaTax) : 

V a U 1 ®U 2 =Y j (°a)V P Ul®V a ~ f) U 2 . (2) 

V"/ 

Ecjih 06a paccjioeHHa TpiiBiiajibHbi, T.e. E\ = E 2 = R x Ai, to ik ceneHiiH - o6biHHbie 
cpyHKniiii, 11 (2) npeBpamaeTCH b 3HaKOMyio (popMyjiy Jleii6Hiina (b MyjibTiiiiH^eKCHOH 3a- 
niicii) : 

V Q (/.g) = (^)( v/J /)(V Q ^.g), f,g £ ff. 

3. ,HOKA3ATEJTbCTBO OOPMYJIbl JIeHBHHUA 

Hani noflxofl k ,i],OKa3aTejibCTBy KOBapiiaHTHOft cpopMyjiM JIeH6Hiina CBSBaH c iicnojib30Ba- 
hh6m cneniiajibHoro OTo6pa:sceHHfl, Ha3MBaeMoro K - onepaTopoivQ. HanoMHiiM ero onpefle- 
jieHne [3]. IlycTb g - HeacconiiaTiiBHaH ajrre6pa Hafl nojieM k xapaKTepiiCTiiKii Hyjib; cne^ya 
[1,3] 6yaeM o6o3HaHaTb onepanino b ajire6pe chmbojiom o. IlycTb T(g) - TeH3opnaa ajire6pa 
g KaK jiHHefiHoro npocTpaHCTBa. JIjisl x £ g 6yneM oSosHa^aTb Hepe3 t x OTo6pajKeHiie BHfla 
T x ■ U l— x oy, npoflOjcKeHHoe pp fliicpcpepeHniipoBaHiiH T(g). 

Mm Ha3biBaeM K - onepaTopoM OTo6pajKeHne K : T(g) — > T(g), o^,H03HaHHO onpeflejrae- 

MOe yCJIOBHHMH K(l) = 1 II 

K(x ® a + T x a) = x ® if (a), x £ g, a 6 T(g). 

HeTpy^,HO y6e/i,HTbCH, hto sto OTo6pa»ceHiie o6paTHMO. KaK H3BecTHO, TeH3opHaa ajire6pa 
T(g) o6jia,i];aeT CTpyKTypoii ajire6pM Xoncpa, co CTaimapTHMM KoyMHOJKeHiieM 

A : T(g) ->• T{q)®T{q), A : x H> l®x + x®l, x £ g 

(3HaK (§) iicnojib3yeTCfl 113 Tex a:e coo6pa:aceHiiH, hto ii paHbine). 

npe,a,Jio>KeHHe 1 fl^jisi bcsikou Heaccoi^uamueHou aAze6pu g duazpaMMa 

T{Q) T(g) 
T(fl)&r(fl) J£ ^ £ > T(g)®T(g) 



^9to He oneHB y^aMHoe Ha3BaHHe aBTOp npoH3Beji ot cjiOBa " KOBapiiaHTHBiii" (TaK c ito SyKBa n K n H3 
pyccKoro aji4>aBHTa). BecBMa bo3mo?kho, hto caivia KOHCTpyKii,HH He HOBa, ho aBTOp He cyMeji HafiTH ee b 
jiHTepaType 
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KOMMymamueHa. 

,H,pyriiMH cjiOBaMH, K HBjiaeTCH aBTOMopcpn3MOM T(g) KaK Koajire6pBi. B o6o3HancHHHx 
CBH,n;jiepa yTBepjK,ii;eHHe 3anncBiBaeTCH b BH^e paBeHCTBa 

A(K(a)) = (Ka) {1) ®(Ka) {2) = K(a {1) )®K(a {2) ) = K®K(A(a)), (3) 

(Ka) (a) 

rpp a G T(g). HanpHMep, rjisl x,y G g mm hmgcm 

K®K(A(x ® y)) = K®K(l®x ® y + x®y + y®x + x ® y®\) = l®(x ® y - x o y) + x®y+ 

+y®x + (x ® y — x o y)®l — A(K(x ® y)), 
nocKOjibKy K(x) = x n K(x ® y) = x ® y — x o y. 

JIjisi ,n,OKa3aTejibCTBa Hail noTpe6yeTca cjieflyioinaH jieMMa, 6e3 Tpyn,a fl0Ka3biBaeMaa no 
HH,u;yKD;HH: 

JieMMa 2 IJycmb V - AimeuHoe npocmpancmeo Had noJieM k, S G Derk(T(V)) u a G 
T(F). TWa 

A(<5a) = X!^ 1 ))®^ 2 ) + a (l)®(^ a (2))> 
(a) 

goe A(a) = E(a) a (i)« )a (2)- 

PaBGHCTBO (3) mw 6yn,eM ,a,OKa3biBaTb HHflyKn,Heit no CTeneHH a. Jljm a G g oho oneBH^HO. 
IIpeflnojiojKHM, hto paBCHCTBO cnpaBefljiHBO npii ycjiOBHn deg(a) < n. IlycTb a - sjieMenT 
T(q), ynpBjieTBopsioiHHH STOMy ycjiOBHio, Ei£g. 06o3HannM b — x ® a. Toiyja 

A(if (&)) = A(x ® K(a) - if(r x a)) = A(a;) ® A(if (a)) - A(ir(r x a)). 

ITocKOjibKy degr^a < dega < n, no npe/HiojiojKennio HHflyKnnn Mbi HMeeM (onycxaH 3HaK 
cyMMbi) 

A(K(b)) = (l®x + x®l) <8> (A"(a ( i))(g)A'(a(2))) - (A^a)). 
IIpHMeHaH jieMMy 2 k /nidpcpepeHHiipoBaHHio t x , mbi nojiynnM 

A(K(b)) = x® K(a {1) )®K{a (2) ) + K{a {1) )®x ® K(a {2) ) - K{T x a {1) )®K{a {2) )- 

-K(a {1) )®K(T x a {2) ) = K(x ® a {1) )®K(a {2) ) + K(a {1) )®K(x ® a (2) ) = K®K(A(b)). 
TaKHM o6pa30M, dpopMyjia (3) OKa3BiBaeTCH cnpaBe,n,jiHBOH pjia b — x ® a. Ilo jinneiiHOCTH 
OHa pacnpocTpaHaeTCH Ha Bee MHoronjieHbi b, deg(fe) < n + 1. CjieflOBaTejibHO, dpopMyjia 
cnpaBefljiHBa fljia MHoroHjieHOB jno6oii CTeneHH. 

IlepeHfleM k reoMeTpnn. IlycTB T(V) - (cpopMajiBHaa) TeH3opHaa ajire6pa V = V{M) KaK 
BemecTBeHHoro jiHHefiHoro npocTpancTBa. ,n,Jia: BCHKoro paccjioeHHH E — > M. o,n,H03HanHO 
onpe/i,ejieH roMOMop<pH3M ajire6p (Hafl bch],gctbghhbim nojieivi) te '■ T(V) — > Diff(r(A / t, E)) 
TaKoii, hto te : v i-> V„ (k npniviepy, : t>i ® v 2 V„ x V„ 2 ) . 

JieMMa 3 Ilycmb uMewmcsi dea paccjioenuM co cesi3HocmHMU E\,E 2 — > M. Tozda 6am 
ecMKogo a G T{V) cjiedywuiflsi duazpaMMa KOMMymamuena: 

T(M,E 1 )®T{M,E 2 ) ^ >a) 1 l — ^4 T{M,E 1 )®T(M,E 2 ) 

R R 



g>-E 2 



r(M,E l( g>E 2 ) '" lgaE2(a) > r(M,^®^ 2 ) 

3^ecB A (a) = X)(a) a (i)® a (2) o6o3HanaeT CTaHflapTHoe KoyMHOJKCHHe b TeH3opHoii ajire6- 
pe. ^OKa3aTejiBCTBO jicmmbi HecjiosKHO. B cjiynae a ~ 1 yTBepjK/jeHne oneBHflHO, nocKOjiBKy 
tb(1) - TOJK/jecTBenHbiH onepaTop. ^jih a = v G V oho HBjraeTCH cjieflCTBneM paBeHCTBa 

V„(mi ® u 2 ) = (V„ui) ® u 2 + ui ® (y v u 2 ), 
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BbiTeKaromero 113 onpeflejiCHna KOBapnaHTHOH npoH3BO,n,HOH Ha npoH3Be,n;eHHH paccjioeHHH. 

3aMeTHM, hto KaK 0To6pa»ceHHH te, Tax h KoyMHOJKeHHe hbjijhotch roMOMopcpH3MaMH 
ajire6p. OTcro^a, KaK HeTpyznro bh/jctb, cjie/ryeT, hto ecjin /niarpaMMa KOMMyTaTHBHa npn 
a = b± h npn a = 62, to OHa 6yn;eT KOMMyTaTHBHOii h fljiH a = b\ ® b 2 . IIo HH/ryKiniH Mbi 
nojiynaeM, hto OHa KOMMyTaTHBHa pjin jno6oro a. 

Tenepb Mbi mojkcm nepeiiTH k ,n,OKa3aTejii>CTBy TeopeMbi. PaccMOTpnM npocTpaHCTBO bck- 
TopHbix nojieft V KaK HeacconiiaTHBHyio ajire6py c onepanneH, 3a,n,aBaeMOH KOBapnaHTHOH 
npoH3BOflHoii: v o w — V v w, v, w G V. Toiyja Ha TemopHOH ajire6pe T(V) onpe^,ejieH co- 
OTBeTCTByion^HH K - onepaTop. Oh CBjraaH c bbicihhmh KOBapnaHTHBiMH npoH3BO,n;HBiMH Ha 
paccjioeHHH paBeHCTBOM he t = te o K [3, jieMMa 2], r/je 

t : T(V) -> T ? (V) = T(M) 

ecTb onepainiH nepexo^a k Ten3opHOMy yMHOJKCHHio Hafl J. (3aMeTHM, hto npocTpaHCTBO 
V HaflejieHO TpeMH CTpyKTypaMH: ajire6pbi JIh, $ - Mopyjin h HeaccoHHaTHBHOfi ajire6pbi. B 
^aHHOit CTaTbe CTpyKTypa ajire6pbi JIh HrHopnpyeTCH. B flpyrnx pa6oTax aBTopa [1,6] OHa, 
HanpoTHB, nrpaeT rjiaBHyio pojit). 

ITycTb A — t(a), a G T(V). IIo onpeflejieHHio KoyMHOxceHna b T(A4), 

A (^) = S t («(i))f t ( a (2))- 

(a) 5 

CjieflOBaTejibHO, /niarpaMMy H3 ycnoBHH TeopeMbi mojkho nepenncaTB b BH/je 

T(M,E 1 ) ®T(M,E 2 ) (o) 1 — 2 ' - ) T(M,E 1 )®T{M 1 E 2 ) 
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tE 1 (giE 2 



TaK KaK, corjiacHO npefljiojKeHHio 1, 

A(K(a))=Y,K(a {1) )®K(a {2) ), 

(a) 

flnarpaMMa KOMMyTaTHBHa no jieMMe 3. 



4. TOJKflECTBO KOUHKJIA 

O^hhm H3 ochobhbix pe3yjibTaTOB [3] 6bijia (popMyjia 

Ve{A)he(B) = M%) ® // t (A (2) )B) (4) 
(A) 

[3, TeopeMa 1]. Ee ^,OKa3aTejn>CTBO, ocHOBaHHoe Ha paccMaTpnBaeMOM hh>kg ajircGpaH^ecKOM 
TO»cflecTBe, 6bijio aobojibho Henpo3paHHbiM. IIojib3ya:cb KOBapnaHTHOH cpopMyjioft JTch6hh- 
na, mojkho jxaTb flpyroe ,n,0Ka3aTejibCTB0 SToro paBeHCTBa, Gojiee reoMeTpHnecKoro xapaK- 
T epa. nycTb A G T(M,T n M), B G T(M,T m M). Tor^a 

He{B)u = B ■ V m u = C(B ® V m u), u G r(M, £), 

r^e chmbojiom C oGosHa^eHa CBepTKa. IIphmghhs (1) k paccjioeHHHM E\ = T m Ad, E 2 = 
T m M. ® E, mbi nojiyHHM 

HE^E 2 (A)(B®V m u) =J2vE 1 (A m )B®HE 2 (Ai))V m u ^Y,^(A {2) )B®[A (1 yV dc ^ A ^\7 

(A) (A) 



OOPMYJIA JIEHBHHIIA flJIH KOBAPHAHTHOH ITPOH3BO/IHOH H HEKOTOPBIE EE nPHJIOJKEHHJI 



3^;eci> yflo6HO nepecTaBHTb Teraopbi An) h A(2), nojib3ys:cb KOKOMMyTaTHBHOCTbio. Mojk- 
ho, He Hapyinaa o6ihhocth, c^HTaTb sth Teraopbi oflHopoflHbiMH; npn stom deg(Am) + 
deg(A( 2 )) = deg(A) = n. 

KaK H3BecTHO, CBepTKa nepecTaHOBOHHa c KOBapiiaHTHOii npoH3BO,n,HOH. CjieflOBaTejibHO, 

f i E (A) f i E (B)u = he(A)C{B ® V m u) = Cfi El ®E 2 (A)(B ® V m w) = 
= cJ2^t(A (2) )B ® • V deg ^w)V ro u] = ® Mt(A (2) )S] • V dc ^(D)v m U = 

(A) (A) 

= ^2 m(A(i) ® ^t(A( 2 ))-B)w. 

TaKHM o6pa30M, cpopMyjia jj,OKa3aHa. 3aMeTHM, hto npn fleiicTBHH CBepTKH Teraopbi Am h 
/i(A( 2 ))i? noMeHHjiHCb MecTaMH. 3to CBH3aH0 c npaBHjiaMH nocTpoemra " CBeptiyTbix " KOBapiiaHTHbix 
npoH3BOflHbix: TeH3op Am CBopaHHBaeTca c jieBbiMH HHfleKcaMii npoH3BO,a,HOH S7 d °s( A i,i))+ m u ^ 
KaK y»ce ynoMiraajiocb, b CTaTbe [3] cpopMyjia (4) BbiBOjxnjiacb 113 ajire6paii x iecKoro tojk- 
/jecTBa [3, jieMMa 1]: 

K{A) ® K{B) = K(A (1) ® r(tf(A (2) ))B), (5) 

r/i,e nepe3 r : T(g) — > Endi c (T(g)) oGosHa^iaeTCH roMOMopcpii3M ajireGp, onpeflejifleMbift 
ycjiOBHeM r(x) = r x , (a; G g) Q no npHHHHaM, oSidRChrcmum Hasce, mm 6ya,eM Ha3biBaTb 
(5) moatcdecmeoM KOV,UKAa. 

PaBeHCTBO (5) BbirflaflHT flOBOjibHO Heo6bi T mo. HTo6bi noHHTb ero cmbicji, Heo6xojxiiMO 
npejK,a;e Bcero pa3o6paTbca, hto npeflCTaBjiaeT co6oft roMOMopcpii3M t c toikh 3peHHH aji- 
re6pbi. 3Ta onepainifl o6jia,i];aeT paflOM HHTepecHbix cbohctb. HtoGh iix ccpopMynnpoBaTb, 
y^o6HO npoflOjBKHTb r flo roMOMopcpii3Ma "yjxBoeHHOH M TeH3opHOH ajire6pbi: 

r : T(fl)(8>T(fl) -> End k (T(g)®T(g)), r(ai®a 2 ) : &i®6 2 ^ r(ai)6i(g)T(a 2 )6 2 , ai, a 2 , &i, b 2 G T(fl). 

IIpeflJio^KeHHe 2 fljiH bcjikou Heaccov,uamueHou aAze6pu q u bckkozo sjieMewma a G 
T(g) cjiedywmp.il duazpaMMa KOMMymamuena: 

T(fl) — T(fl)®T( fl ) T( fl ) 



r(o) 



r(A(a)) 



r(a) 



T( 8 ) — T( 8 )<»T( fl ) T(fl) 

3jj,ecb chmbojiom m o6o3HaneHO oGbinnoe yMHOJKemie b TeroopHOH ajire6pe, T.e. m : 
&i<g)6 2 i— > 6i <E> i>2- KoMMyTaTHBHOCTb jieBoro KBa^paTa 03HanaeT paBeHCTBO 

A(t(o)6) = ^^T(ai)fei®r(a 2 )6 2 . 

(a) (6) 

Ilpn a = x G oho cjie^yeT H3 jicmmbi 2, nocKOjibKy r(a;) = t x HBjiaeTCH ,n,H(p<pepeHLi;Hpo- 
BaHHeM h A(x) = 1<8>X + B o6m,eM cjiynae paBeHCTBO jierKO flOKa3biBaeTCH HHflyKn,Heii 
no CTeneHH a. KoMMyTaTHBHOCTb npaBoro KBa,n,paTa, T.e. paBeHCTBO 

r(a)b 1 <E> b 2 — ^ r(oi)6i (g) r(a 2 )6 2 

(a) 

MOJKeT 6biTb ^0Ka3aHa aHajiorHHHO jieMMe 3. 



^06o3HaMeHHH b HacTOHiu,eH CTaTt>e cjierica OTjiH^aioTca ot Hcnojib30BaBmHxc5i b [3]: mm niimeM r bm6cto 
f h Te bmccto r. McnojiB30BaHHe fljisi r m r^; cxo^hbix oSosHa^ieHHH mo^kct 6bitb onpaB^aHO TeM, mto ivie^K^y 
3THMH flByMA oneparrHflMH HMeeTca TecHaa cbh3b [3, JieMMa 3 ]. 



8 



A. B. TaBpHjioB 



HanoMHHM HeKOToptie onpeflejieHHH H3 ajire6pbi. IlycTb onpe^ejieHO fleiicTBHe rpynnti 
G Ha rpynny X, T.e. roMOMopcpH3M rpynn G — > Aut(X). ^eflcTBiie sjieMeHTa g G G mm 
o6o3HanaeM tohkoh: g : x i-> g ■ x = g(x),x G X. IIo onpeflejieHHio, g ■ (xy) — (g ■ x)(g ■ 
y),9i • (52 • x) — (31(72) • x. OTo6pa»ceHHe <f) : G X Ha3biBaeTCH kou,ukjiom, ecjin 

cj ) (gh) = ^g)(g-cj ) (h)),g,heG. 

IlycTb k - HGKOTopoe nojie. O^eBHflHO, bchkhh kohhkji cf> npoflOjiJKaeTCH ,a;o jiHHefiHO- 
ro OTo6pa>KeHHa cp '■ kG — ► hX. HeTpy/nro bh/^gtb, hto jiiiHeiiHoe OToGpajKenne Taxoro 
BH,n,a HBjiaeTCH npo,n,oji}KeHHeM KOiniKjia ecjin oho, BO-nepBbix, hbjihbtch roMOMopcpH3MOM 
Koajire6p h, BO-BTopbix, yflOBjieTBopaeT TOJKflecTBy 

cj>(ab) = ^( a d))( a (2) ' <K 6 ))> o. & e kG - ( 6 ) 

(a) 

TaKHM o6pa30M, mojkho Ha3biBaTb kouhkjiom OTo6pajKeHHe o,u;hoh 6Hajire6pbi b flpyryio 
4> : H — > R, ecjin oho HBjiaeTCH roMOMop<pH3MOM Koajire6p h yflOBjieTBopaeT paBeHCTBy (6). 
IIpaB^,a, caivio sto paBeHCTBO hmggt CMbicji jinnib npH ycjiOBHH, ^ito onpeflejieHO fleftcTBHe 
H Ha R. PaccMaTpHBaa cjiynaii H = kG, R = kX k&k onpe,n,ejririoiHHH npnMep, mojkho 
onpe/i,ejiHTb fleiicTBHe H Ha R KaK jiHHeiiHoe OTo6pa»ceHHe H ® R — > R, oGjia/jaiomee 

CJieflyiOIHHMH CBOHCTBaMH: 

(h 1 h 2 )-x = hi-(h 2 -x), h-(xy) = -x)(h^) -y), &{h-x) = ^ ^ h (i) - x (i) ® h (z) ' x m- 

(h) (h) (x) 

3,u,ecb x,y G R,h 1 h\,h2 G H; KaK h Bbinie, fleftcTBHe o6o3HaneHO tohkoh: h ® x t— > 
h ■ x (tohhocth pa/i,H, cjie^yeT em,e flo6aBHTb ycjiOBHe h ■ 1 = e(h)). IlepBoe paBGHCTBO 
03HanaeT, hto R HBjiaeTCH (jieBbiM) H - MO^yjieM. HepBbie flBa ycjiOBHH BMecTe osHa^aiOT, 
hto 6najire6pa H ^ciicTByeT Ha ajire6py R, T.e. hto R HBjiaeTCH H - MO^yjibHoii ajire6poH 
[7, c. 40]. ,H,eHCTBHe o^hoh 6najire6pbi Ha flpyryio Ha30BeM cozJiacoeuHHUM, ecim BbinojiHeHO 
TpeTbe paBeHCTBO. KaK mojkho y6e/i,HTbCH, b stom cjiynae CMSHi-nponsBefleHHe Rjj=H [7, c. 
41] caMO HBjiaeTCH 6Hajire6polt. 

Ilpe/],jiojKeHHe 2 03HanaeT b tohhocth, hto OTo6pa»:eHHe T(q)®T(q) — > T(q) Bi^a a®b 
a ■ b = r(a)6 HBjineTCH corjiacoBaHHbiM fleftcTBHeM 6Hajire6pbi T(g) Ha ce6a. 06o3HanHB 
a = K(A), b = K(B) h npHHHMaa bo BHHMaHne paBeHCTBO A(a) = ^{ jAl (i))®^{ j ^(2))i 
mbi MO»ceM npe/i,CTaBHTb (5) b BH^e 

K-^ab) = ]T K-\a (1) )a {2) ■ R-^b), a, b G T(g). 

(a) 

TaKHM o6pa30M, OTo6pa»ceHHe K^ 1 : T(g) — > T(g) aBjiaeTCH kou,hkjiom. Bojiee Toro, mojkho 
y6e^,HTbca, hto fljia bchkoh Heaccon,HaTHBHOii ajire6pbi g cymecTByeT e^HHCTBeHHoe corjia- 
coBaHHoe fleiicTBHe T(g) Ha ce6a: TaKoe, hto x-y — xoy p/m x, y G g h e^HHCTBenHbiii kohhkji, 
cooTBeTCTByiomHH 3TOMy ^eiicTBHio. TaKHM o6pa30M, paccMaTpHBaeMaa KOHCTpyKn;HH pp- 
CTaTOHHO ecTecTBeHHa. 

5. KOBAPHAHTHAH CHMMETPH3AD;HH 

06o3HanHM nepe3 S(A4) G T(M) npocTpancTBO CHMMeTpnHHbix KOHTpaBapnaHTHbix 
Ten3opHbi nojieft. Onpe^ejiHTb ero (popMajibHO mojkho cjieflyK)in,HM o6pa30M. HycTb 1 : 
S(V) T(V) o6o3HanaeT ecTecTBeHHoe BjioxceHHe CHMMeTpn^iecKoii ajire6pbi BemecTBCHHO- 
ro npocTpaHCTBa V b TeH3opHyio ajire6py, T.e. TaKoe jiHHeiffloe OTo6pajK6HHe, hto 1 : v n i—> 
G V, n > 0). Tor A a S(M) =iot(S{V)). 



OOPMYJIA JIEHBHHIIA fljlfl KOBAPHAHTHOH nPOH3BOnHOH H HEKOTOPblE EE nPHJITOKEHHS 



PaccMOTpHM OTo6pa?KeHHe 

H ■ T(M) -»■ DiS(3{M)), 

cooTBeTCTByromee TpHBnajibHOMy paccjioeHHK) R x M.. Oho nepeBOflHT TeroopHbie nojia b 
CKajiapHbie ^HcpcpepeHiniajibHbie onepaTopbi. HecjiojKHbie paccyjK^,eHHa noKa3biBaiOT, hto 
orpaHHHeHHe /i Ha S{M) HBjiaeTCH H30MopcpH3MOM $ - MO/ryjieii [5, BBejj,eHHe] . 06paTHoe 
OTo6pa»ceHHe mbi o6o3HanHM nepe3 

a : ViS(3(M)) -> S(M), H o a = id . 

Cjie/rya IIIapacpyT^HHOBy [5], Ha30BeM nojie a (A) zeoMempunecKUM chmbojiom CKajiapHO- 
ro onepaTopa A S Diff(J). Cjie/ryeT, npaB^a, 3aMeTHTb, hto b [5] reoMeTpnnecKHM chmbojiom 
(hjih npocTO chmbojiom) Ha3biBaeTCH He nojie a (A), a cpyHKHira Ha KOKacaTejibHOM pacjioe- 
hhh, nojiynaeMaa H3 Hero nyTeM CBepTKH c noflxoflamiMH CTeneHHMH KOBeKTopa £. Abtop 
npe/rjiaraeT pa3jiHHaTb chmboji (<pyHKHino Ha KOKacaTejibHOM paccjioenHn) h reoMeTpnHC- 
ckhh chmboji. HanpHMep, chmbojiom onepaTopa V 2 v (v <G V) 6yn;eT cpyHKHHH (u,^) 2 , a ero 
reoMeTpHnecKHH chmboji paBeH cr(V 2 v ) — v <E> v. 

OnepaTopoM KoeapuanmHOu cuMMempu3av,uu 6yn,eM Ha3bmaTb OTo6pa»ceHHe 

9 = ao^i : T(M) -> S(M). 

H3 onpeflejieHHH cjiejjyeT, hto sto npoeKTop Ha no^,npocTpaHCTBO S(Ai), T.e. 6 2 = 9 h 
0^4 = j4 npn A e S(.M). Ilo MHemno aBTopa, HBHoe onncaHHe SToro npoeKTopa 6bijio 6bi 
nojie3HO fljia MHornx npHjiojKCHHii. K cojKajieHHio, sto, no-BiflHMOMy, Hpe3BbiHaHHO cjiojk- 
Haa 3aflaHa. B HacTOHmefi pa6oTe paccMaTpHBaeTCH BecbMa nacTHbin cjiynan: CHMMeTproa- 

HHH MOHOMOB BHfla V®" ® W ® tl® m (l> ; ||) £ V); HO H flJIH 3T0TO CJiyHaH peHb HfleT He O HBHblX 

cpopMyjiax, a jinnib 06 ajiropHTMe, 6ojiee hjih MeHee skohomhhhom. TeoMeTpHHecKHH cmmcji 
TaKoro pofla BbiHHCjieHHH o6 r bacHaeTCH b §7. K STOMy mojkho jj,o6aBHTb, hto nocTaBjieH- 
Haa b [5] npo6jieMa BbiHHCjieHHH MHoronjieHOB R a 'P mojkct 6biTb CBe/jeHa k BbinncjieHHio 
TeH3opoB Ov® n (g> w® m , rflfi n = \a\,m = \j3\. 

Cjie,nyeT CKa3aTb, hto noHHTHe reoMeTpHnecKoro CHMBOjia pacnpocTpaHseTCH h Ha one- 
paTopbi, ^eftcTByiomHe Ha bcktophom paccjioennH [5, II]. Pa/ni nojiHOTbi, paccMOTpHM 3Ty 
KOHCTpyKii,Hio. IIpH dim E > 1 OTo6pa»;eHHe 

He : T(M) -> DiS(r(M,E)) 

He ciopbeKTHBHO . HtoGbi bbihth H3 nojiojKeHHH, HyjKHO BBecTH b paccMOTpeHHe MOflyjIb 
T(M,End(E j). 9tot MO/ryjib mojkho paccMaTpHBaTb KaK nojj,ajire6py b DiS(T(M, E)), 
cocTOHinyio H3 "ajire6paHHecKHXT.e. He coflepacaiinix JjpcpcpepeHHHpoBaHHsi, onepaTopoB. 
IIpo^,ojiJKHM he fl,° OTo6pa?KeHHa 

He ■ T{M, End(£7)) ® T(M) -> T>iS(T{M, E)), 

noTpe6oBaB, hto6h oho 6hjio nepecTanoBOHHO c ajireGpanHecKHMH onepaTopaMH (b ohcbh,!];- 
hom CMbicjie). Ilocjie SToro mojkho onpejj,ejiHTb reoMeTpHnecKHii chmboji o6biHHbiM cnoco- 
6om: 

o e ■ Diff(T(A4, E)) -> T(M, End(E)) ® S(M), He ° (?e = id . 

s 

OnepaTop KOBapnaHTHOii CHMMeTpH3anHH 

Be - <te o he ■ T{M, End(S)) ® T{M) -> T(M,End(E)) ® S(M) 

$ s 

TaK»ce 0Ka3biBaeTca nepecTaHOBOHHbiM c onepaTopaMH H3 T(A4 1 End(_B)), nosTOMy ja,ocTa- 
tohho paccMOTpeTb ero orpaHHHCHHe 

E ■ T(M) -> r(M, End(S)) ® S(M). 



10 



A. B. TaBpHjioB 



BbiHHCjieHiiH b 3tom cjiynae cymecTBeHHO ycjicoKHHiOTCs:, nocKOjibKy G e 3rbhcht He tojibko 

OT aCplpHHHOH CBH3H0CTH, HO H OT CBH3HOCTH Ha paCCJIOCHHH E. 

6. CHMMETPH3AU,H5I CnEI^HAJTbHblX TEH30POB 

B 3tom naparpacpe paccMaTpiraaeTCH ajiropnTM BbiHHCjieHHH Ten3opoB BH^a 0(v® n (g>to(g> 
v® m ) Ha MHoroo6pa3HH c acpcpHHHOft cbh3hoctbk> 6e3 KpyneHHH. Ha npaKTHKe CHMMeTpiraa- 
u,H2 ocymecTBjiaeTca npn nc-Momii KOMMyTainiOHHbix cooTHOineHHH, TaKHx KaK paBeHCTBO 

V73 V73 

v u.v.w v v,u,w v R(u,v)wi 

rpfi R - TeH3op KpHBH3Hbi. 06miie cooTHOineHHa 6bijiH nojiyneHbi aBTopoM b [6]. HaM, o/nm- 
ko, noTpe6yiOTca cooTHonieHHH floCTaTOHHO cneuiiajiBHoro BH/i,a. BBe/jeM cjie,n,yioiHHe 060- 
3HaneHHH: 

q 2 w = R(w,v)v, q 3 w = (V v R)(w,v)v, q 4 w = {Vl v R){w,v)v; 
b o6meM cjiynae 

q n = q n (v) : w ^ (v^ 2 ■ V n - 2 R)(w,v)v, n>2. 

Mbi CHHTaeM q n G EndR(V) onepaTopaMH, 3aBHCHiHHMH otdgV KaK ot napaneTpa. 

JleMMa 4 Ilycmb n,m > 0, mozda djin bcmkux nojieii v,w G V na MHOzoo6pa3uu c 
cuMMempuuHou cesi3Hocmbw uMeem Mecmo paeeucmeo 

H(v® n ® w <g> v® m+1 - v® n+1 <g)w<E) v® m + 

+ E E ( I )v® n+l - k - 1 ® q k+2 w ® v® m ~ l ) = 0, (7) 
fe =o 1=1 W 

ede q k = q k (v). 

HanpHMep, npn n = 0, m = 1 

H(w ®v 2 -v®w®v + q 2 w) = Vl vv - Vl wv + ^ R ( w . v)v = 0. 

Ilpn to = cyMMa cnpaBa He HMeeT CMBicjia, h Mbi ycjiOBHO cniiTaeM ee paBHOii Hyjuo: 

Li{v® n <g> w <S> v - v® n+1 <g> w) = 0, n > 0. 

^OKa3aTejibCTBO jieMMbi mbi HanHeM co cjieflyromero paBeHCTBa: 

m 

fi(w<E>v<E>ui<E)- ■ ■®u m —v<g)W<gmi®- ■ •<8>it m +^ ui<£>- ■ ■®ui-i®R(w, v)ui<E>ui + i<E>- ■ -<gm TO ) = 0, 

i=i 

rpp ui, . . . ,u m G V. yKa3aHHoe paBeHCTBO nojiynaeTCH npHMBHeHHeM xopoino H3BecTHoro 
npaBHjia nepecTaHOBKH imfleKCOB ko BTopoii KOBapnaHTHOii npoH3BO,n,HOH Ten3opa V" 1 /, / £ 

5- IlpH Ul = ■ ■ ■ = U m = V MBI HM66M 

m 

li{w <8> v® m+1 - v ® w ® v® m + ® g 2 («)w ® w^ m_Z ) = 0. 

(=1 

TaKHM o6pa30M, mbi nojiynnjiH yTBepjKfleHne jkmmbi fljia n — 0. 

B o6meM cjiynae yTBepjK^eHHe mojkho nojiyHHTb, npHMeHaa k nocjie^HeMy paBeHCTBy 
onepaTop n(v® n ). JXnsi SToro, o^HaKO, npH^eTCH B0cnojib30BaTBCH HCKyccTBeHHbiM npHe- 
mom. npe/niojic»KHM BHanajie, hto Vt,w = V^w = 0. 3to osHanaeT, hto HHTerpajiBHBie 

KpilBBie nOJIH V HBJIHK>TCH TeO^eSHHeCKHMH, a nOJie W KOBapHaHTHO nOCTOHHHO BflOJIB HIIX. 

CoraacHO jieMMe 1 H3 [1], iiE{v® k ) = npn k > ajih jno6oro paccjioeHHH E. CjieflOBa- 

TejIBHO, 

li T {v® k )w ® v® m+1 = HT(v 0k )v ® w (8> v® m - 0, 



OOPMYJIA JIEHBHHIJA fljlfl KOBAPHAHTHOH nPOH3BOnHOH H HEKOTOPblE EE IIPHJITOKEHHia 



3th paBeHCTBa floCTaTOHHO oneBHflHbi H3 reoMeTpH^ecKHx cooGpajKeHiifi (xpoMe Toro, hx 
TaKJKe mojkho nojiyHHTb KaK (popMajibHoe cjie/i,CTBHe (4)). 
IlpHMeHfla cpopMyjiy (4) k jieBoii nacTH paBCHCTBa 



/i(«® n )/i(to ® u® m+1 -t)®rt/™ + ^ w®'- 1 g 2 (w)w ® w®" 1 -') = 0, 

i=i 

mm nojiy^HM 

( ? ) f® n_fc ® /*r ® ^ m+1 - w ® w ® «® m + ®( v ) t0 ^ m ~']) = 0, 

k=o V*' 1=1 
T.e. 



fi(v® n ® w ® v® m+1 - v® n+1 ®w®v® m + v ® n+l ~ k ~ 1 ® %+ 2 ™ (8) «® m "') 

fc=0 /=1 ^ ' 

hto h Tpe6oBajiocb. 

Mto6h H36aBHTbca ot flonojiHHTejibHoro ycjiOBHa, 3&m6thm, hto onepaTop /i b jieBoii na- 

CTH (7) 3aBHCHT B KajKflOH TOHKe l6M TOJIbKO OT 3HaH6HHH nOJiefi t>, 10 B 3T0H JKe TOHKe, 

T.e. ot BeKTopoB v x ,w x G T X M.. KaK jierKO y6e,zniTbCfl:, b OKpecTHOCTH {/ C .M jno6oft toh- 
kh a; mojkho nocTpoHTb nojia v, w G V(t/), y/jOBjieTBopsKiiiniH HyjKHbiM ycjiOBHSM, npineM 
£>x = u x ,u} x = w x . Tor^a paBeHCTBO (7) 6yn,eT cnpaBe/yniBO b U pjisi onepaTopa, nojiy- 
neHHoro 3aMeHoii v,w Ha v,w. B tohkc x 3tot onepaTop coBna^aeT c hcxo^hbim, noaTOMy 

paBCHCTBO (7) BbinOJIHHeTCH B TOHKe X. TaK KaK TOHKa MOJKeT 6bITb npOH3BOJIBHOH, jieMMa 

,n,OKa3aHa. 

KoBapnaHTHaa ciiMMeTpiraaipiH TeH3opa, 3aBHcam,ero ot flByx nepeMenHbix (BeKTopHbix 
nojieii) h jiHHciiHoro no o/i,hoh H3 hhx mojkct 6biTb npoH3BefleHa nyTeM MHoroKpaTHoro 
npHMCHCHHa (popMyjibi (7). Ha KajKflOM inare HCxoflHbifi MHoronjieH npeflCTaBjiaeTCH b BH^e 
cyMMbi Tpex cjiaraeMbix, o,h,ho h3 kotophx jiesKHT b S(M), .apyroe b kcr(/i, T(M)), a TpeTbe 
iirpaeT pojib ocTaTKa. TemopHafl CTeneHb ocTaTKa MeHbine CTeneHH ncxo/nroro MHoronjieHa 
KaK MHHHMyM Ha 2, nosTOMy hhcjio inaroB He npeBOCxo/niT nojiOBHHbi CTeneHH MHoronjieHa, 
noflBepraeMoro CHMMeTpH3airHH. 

IIpefljiaraeMbiH ajiropnTM jiynnie Bcero nponjijiiocTpHpoBaTb npHMepoM. PaccMOTpHM 

MOHOM V® 4 ® W, (v,W G V). OteBH^HO, 

v® 4 ®w = ^(v® 4 (g>w+v® 3 (g)w<8>v+v® 2 (3w(3v® 2 +v(E)w(S)v® 3 +w(3v® 4 )--(w 

- - (v ® w ® v® 3 - v® 2 ® w ® v® 2 ) - \ (v® 2 ® to (8> -u® 2 - w® 3 ® to ® w) - ^ (w* 813 O to (giw- w^tgiw). 
5 5 5 

Mto6h ynpocTHTb o6o3HaHeHHH, 6ya,eM nncaTb ^4 = 5, ecjni — S) = 0. (Ilo,npa3y- 
MeBaa A = i? mod kcr(/i, T(A / ()). Cjie^yeT noMmrrb, hto nocKOjibKy OToGpajKenne /i He 
HBjiaeTCH roMOMop(pH3MOM ajire6p, ero a,n,po - He H^eaji). IIpHMeHHH jieMMy 4 npn n+m = 4, 
mm nojiy^HM 

W ® V® 4 — W ® W (g> W* 813 + (^210 ® U® 2 <8> V + W* 812 (?) = 0, 

v <g> tu <8) v® 3 - u® 2 ® io ® w 182 + (w ® g 2 w ® ^ + w® 2 ® few + few + g 3 w) = 0, 
u® 2 <g> to ® w* 82 - w® 3 ® io ® w + (w® 2 ® g 2 w + 2w ® q 3 w + q A w) = 0, 
v® 3 ®w®v - v® 4 ® to = 0. 

TaKHM o6pa30M, 

w® 4 ® w — Si = Qi, 
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1 3 
Si = t(«® 4 ®w + v® 3 ®w®v + v® 2 ®w®v® 2 + V&W&V® 3 + w® v m ) + -qiW+ 

o 

1 2 

+ 77(92^ ® v® 2 + v <g> q 2 w <$> v + v® 2 <g>q 2 w) + - (q 3 w ® v + v <g> q 3 w) G S'(X), 
5 5 

2 6 

Qi = v® 2 <X> g 2 w + r-u ® 92^ ® u + -v <8> (few. 

5 5 

MHoroHjieH Qi HrpaeT pojib ocTaTKa. 3aMeTHM, hto oh hbjihctch cyMMOfi: mohomob Bima 
v® 1 ® w' ® v® 3 (r/i,e «/ = <7dW, d = 2,3). IIosTOMy k HeMy MO»ceT 6bitb npnMeHeHa Ta jkb 
npou,e,n,ypa: 

7 

Qi = — (q 2 w ®v® 2 + v®q 2 w®v + v® 2 <g> g 2 w)+ 
15 

3 7 8 3 

+ r (<?3 w<Sw+v<S) 93 w) - (<?2 w<g>v® 2 -v®q 2 w®v) - — {v®q 2 w®v— v® 2 ®q 2 w) — - (173 w®v—v®q 3 w). 
5 15 15 5 

flajiee, 



q 2 w (g> w® 2 — u ® g 2 w <8> w + q 2 w = 0, 
w <S> q 2 w ® v — v® 2 (X) g 2 w = 93W ® w — u ® ?3W = 0, 



OTKya,a 



Qi = S- 



2: 



7 3 7 

S 2 = Trfew ®v® 2 +v<g>q 2 w®v + v® 2 <g> g 2 w) + ^few <g> v + v <g> g 3 w) + -zq\w G 

KaK mm bh/him, Ha btopom mare ocTaTOK paBeH Hyjiio, h mm nojiynaeM otbct; 

®{v® A ®w) = 5i +52. 

7. flBOHHOE 3KCnOHEHU;HAJlbHOE OTOBPA>KEHHE 

Cjieflya [2], onpe^ejinM flBofaoe SKcnoHeHiniajibHoe OTo6pa»ceHHe 
exp x : T X M x T X M —¥ coraacHO npaBHjiy 

exp x (t>, w) = cxp cxpAv) (I^ pJv) w), 

rflfi chmbojiom Iy : T x Ai — > T y A4 o6o3HaneH onepaTop napajijiejibHoro nepeHOca BflOJib reo- 
fle3HHecKoii. Boo6me roBopa, 3Ta (pyHKinia, KaK h o6biHHoe SKcnoHCHHiiajibHoe OTo6pajKe- 
hh6, onpeflejieHa jihhib b OKpecTHOCTH HyjiH. B cjiynae nojiHoro acpcpHHHoro MHoroo6pa3HH 
M. ee mojkho CHHTaTb BCiOfly onpeflejieHHOii, nojiaraa, hto BeKTop w G T X M nepeHOCHTCH 
b/kxihj reo,ne3HHecKOH exp(x, to), < t < 1. Hac, o^HaKO, HHTepecyeT jinnib ee jiOKajibHoe 
noBefleHne. 

IIocKOjibKy SKcnoncHHiiajibHoe OTo6pajKeHne jiOKajibHO HBjiaeTCH /nicp(peoMop(pH3MOM, b 
OKpecTHOCTH HyjiH o,n;H03HaHHO onpeflejieHa rjia^Kaa cpyHKH,HH 

h x : T X M x T X M -> T X M, exp x (h x (v,w)) = exp x (v,w), v,w G T X M. (8) 

C tohkh 3peHHa reoMeTpHH, h x HBjiaeTCH (pyHKH,HeH nepexofla ot HopiviajibHbix KOop^HHaT 

B TOHKe exp x (v) K HOpMajIBHBIM KOOpflHHaTaM B TOHKe X (npH (pHKCHpOBaHHOM v) . IIpH 

3tom KacaTejibHbie npocTpaHCTBa b pa3Hbix TOHKax OTOJKflecTBjiaiOTCH c noMOinf)K) napaji- 
jiejibHoro nepeHOca B^ojib reo,i];e3HHecKOH. Mojkho TaKJKe Ha3biBaTb 9Ty (pyHKH,Hio ,n;BOHHbiM 

3KCnOHeHH,HajIbHbIM 0T06pajKCHHeM (b HOpMajIbHblX KOop^HHaTax) . 
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B OTjiiiHiie ot &xp x , cpyHKiniH h x HBjiaeTCH OTo6pa>KeHHeM jihhchhijIx npocTpaHCTB, no- 
STOMy momo CTaBHTb Bonpoc o BbiHHCjieHHH ee pa,u;a Teiijiopa. H3 reoMeTpiinecKHx coo6- 
pajKeHHH hcho, hto cjiaraeMbie 3Toro pHjia 6yzryT BbipajKaTbca *iepe3 TeH3opbi kphbh3hm h 

KpyHeHHH BM6CT6 C HX KOBapiiaHTHblMH npOH3BO,U;HbIMH. 

^ajiee mm nojiaraeM, hto cbh3hoctb ciiMMeTpiiHHa, T.e. hto ee TeH3op KpyneHHH paBeH 
Hyjiio. IlepBbie njieHM pHjia Teiijiopa fljra SToro cjiynaa 6mjih Haii/jeHbi aBTopoM Henocpeji- 
ctbghho h3 onpejjsjieHHH [2]: 

h x (v, w) — v + w + \r{w, v)v + lrR(w, v)w + -^-(V v R)(w,v)v + -^-(V w R)(w, v)v+ 
o 12 24 

+ ^(VvR){w, v)w + ^(y w R)(w, v)w + r{v, w), (9) 

r,n,e r(v,w) co,n,epjKHT oflHopo,u;Hbie hjichm CTeneHH 5 h Btinie. Phjj, (9) HanoMiraaeT H3BecT- 
Hbiii pa,u; K3Mn6ejijia-Xayc/],op(pa c Toii pa3Hnneii, hto BbipajKaeTca oh He nepe3 CKo6Ky 
JIh, a nepe3 npoH3BO,u;Hbie Ten3opa KpHBH3Hbi V"i?, n > 0, KOTopbie cpopMajibHO hbjijhotch 
nojiHjiHHOHHbiMH n + 3 - apHbiMH onepaniiHMn. 

YjjpSho CHHTaTb v h w He BeKTopaMH, a bcktophmmh nojiHMH, paccMaTpHBaa bmccto h x 

(pyHKHHK) 

h : V x V ->■ V, h(v, w) x = h x (v x ,w x ), x £ M. 

KoHenHO, nojie h(v, w) mojkct OKa3aTbca He Be3jj,e onpejjsjieHHMM. Hto6m oho 6mjio onpe- 
flejieHO, floCTaTOHHO, hto6m nojra v, w HMejin KOMnaKTHbiii HOCHTejib h He 6bijiH cjihhikom 
bbjihkh. IIocKOjibKy BeKTop b TOHKe Bcerjia mojkho npoflOJiJKHTb ,21,0 rjiajjKoro nojia c kom- 
naKTHbiM HOCHTejieM , nepexofl ot h x k h HHnero He MeHaeT no cymecTBy, ho 3aTO no3BOjiaeT 
Hcnojib30BaTb Hapa6oTaHHyio TexHHKy. 

Haineii nejibio 6yn,eT BbinncjieHHe jiHHefiHofi no BTopofi nepeMeHHOii nacTn pHjia Teiijiopa 
(pyHKH,HH h, hjih, hto to »ce caMoe, (pyHKiniH h x . Onpe,n,ejiHM 3aBHCHiiniH ot nepeMeHHOii 
v <eV jiHHefiHbiH onepaTop 



H(v) : V -> V, H(v)w = jh(v,tw) 



, v, w e V. 

t=0 



OnepaTop H(v) MO»ceT 6biTb pa3Jio;«eH b pafl Teiijiopa: 

n=0 

r^e H n - o^HopoflHbie cjiaraeMbie CTeneHH n, T.e. H n (tv) = t n H n (v), t £ R. IIocKOjibKy 
/i(0, w) — w, Hq - TCCKflecTBeHHbin onepaTop. H3 (9) cjie^yeT, hto 

H^v) = 0, H 2 (v) - ^q 2 (v), H 3 (v) = ^q 3 (v). 

B npHHininc, Bee onepaTopbi H n MoryT 6biTb Haii^,eHbi HenocpeflCTBeHHO H3 onpe^,ejieHHH 
flBOHHoro 3KcnoHeHH,HajibHoro OTo6pajKeHHH. Ho TaKoii noflxofl npHBO^HT k Hpe3BbiHanHO 
TpynpeMKHM BbinncjieHnHM y»ce npn cpaBHHTejibHO He6ojibniHx n. KaK mm yBH^HM, cyme- 
CTByeT 6ojiee npocToii nyTb. 

Bocnojib3yeMca TeopeMoii 1 [2], KOTopyio momo 3anncaTb b BHfle 

fi(e® v ®e® w ) =n{e® h ). 

3/i,ecb jieBaa nacTb paBeHCTBa noHHMaeTCH KaK pafl Teiijiopa npaBoii nacTn no nepeMBHHbiM 
v, w, a 3HaK e® v = J2 n=0 v® n o6o3HaHaeT (popMajibHyio SKcnoHeHTy b TeH3opHoii 3anncH. 
IIocKOjibKy, oneBHflHO, h® n £ S(M) ajih jno6oro n, sto 03HanaeT, hto (popMajibHO 

9 : e m ® e® w 1— > e® h 
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no onpeflejieHiiio onepaTopa CHMMeTpn3airHH. Ecjih mm o6o3HaHHM nepe3 7ri ecTecTBeHHBin 
npoeKTop S(M) = ®"^L S n (M) Ha S 1 {M) — V, to 6yn,eM hmctb paBeHCTBO h = m o 
Q(e® v C§) e® w ). CpaBHHBaa oflHopoflHbie no v cjiaraeMbie b jieBon h npaBoii nacTHx, mm 
nojiynaeM 

H n (v)w = 7rio9(w®" ®w). 
TaKHM o6pa30M, pjin bbihhcjichhh H n Tpe6yeTca KOBapnaHTHaa CHMMCTpn3ainiH MOHOna 
v® n ® w. Oiia MO»ceT 6bitb npo^ejiaHa npn noMomn ajiropHTMa, onncaHHoro b npeflbLnymeM 
naparpacpe. HanpnMep, npii n = 4 mbi HMeeM 

7 3 

H A (v) W = TTi O 6(v m ®V))= 7Tl(Sl + S 2 ) = T7<?!w + T^W, 

10 

TaK HTO 

7 3 

10 

OnepaTopbi H n npn n > 4 MoryT 6bitb HaiifleHM TeM ace MeTOflOM, ho 3a 6ojibinee hhcjio 
maroB. IlpH 3tom CHMMeTpHHHbie cjiaraeMbie CTeneHH Bbiine nepBoii, KOTopbie Hac He HHTe- 
pecyiOT, Ha KaxflOM niare mwkho npocTO onycKaTb. OnncaHHbin ajiropHTM 6biji peajiH30BaH 
aBTopoM b BH^e nporpaMMbi, hto no3BOJiHjio eMy HafiTH H n pjisi n < 30. BbipaaceHne pjin 
H n co^epjKHT onepaTopbi BH^a ■ ■ ■ 9d m , yAOBjieTBopHioiinie ycjiOBHio d\ + ■ ■ ■ + d m = n. 
KaK mojkho y6eflHTbca, hhcjio pasjin^mbix onepaTopoB SToro BH,n;a paBHO tp n -i, T.e. n — 1 
- My HHCjiy <3>H6oHa x i x iH (ipi = (p 2 = 1, <p n +i = + fn-ii n > !)■ HanpnMep, BbipajKCHHC 
jj,jih H20 co,n;epjKHT (pig = 4181 cjiaraeMBix, Tax hto npHBO/niTb ero 3flecb e/nm jih yMecTHO. 
Pe3yjiBTaTBi BbrancjieHnn fljia 5 < n < 10 npnBe/],eHBi hhjke 

2 4 

#5 = g 95 + 9392 + 779293, 

5 11 25 2 18 31 , 

H 6 = -9 6 + y9492 + y9 3 + y9294 + 7^-92, 

3 13 27 33 25 17 , 31 73 , 

7 = i 97 + -q 9592 + ~ qiq3 + ~*?394 + y9295 + y939 2 + y929392 + ^2^93, 

160 2 140 182 43 , 106 226 2 

H s = — 9 3 92 + —9395 + —939293 + y949 2 + -7-7-929492 + — 929 3 + 

239 2 127 4 55 7 25 98 91 2 

+ T^9 2 94 + -777-92 + 7T9296 + t:98 + 77-9692 + -77-9593 + — 9 4 , 
15 15 9 9 9 9 5 

4 17 168 196 209 232 74 

H 9 = -99 + y9792 + —9594 + —9495 + —949392 + —949293 + y959l+ 

, , 168 , 226 , 
+47939492 + 269396 + 6O939294 + 3I9392 + 989| + —9I95 + — 9593+ 

42 184 2 378 „„ „„ 197 , 

+ — Q2Q7 + —929392 + —929394 + 66929493 + 22929592 + —929392 + 169693, 

9 982 2702 763 2 896 , 612 243 

= IT 910 + ~rL 959293 + _ 33 -9593 ' 72 + "33" 96<?2 + Yl 95 + TT 9694 + ir <77 ' ?3+ 
133 4610 1205 3358 , 2472 2 364 

+ -^"9892 + -^-929593 + -^-929692 + -^-92949 2 + yy929 4 + "^"9298+ 

441 810 7262 . n2 6494 2 5936 3240 3290 

+ y-9397 + y-9496 + (9293) + 929 3 92 + -7^-929395 + yy 939493 + -7^- 939592+ 

3627 2 5173 , 2 1554 5348, n2 2028 2 7945 2 2 

+ -j7j-9 3 94 + -g^-9392 + -j-j-939295 + -7^-(9392j + yy939 2 93 + -7jy929 3 + 

2835 2 2050 , 3787 2 " ' 1383 2 1636 , 1692 2555 . 855 , 

+ yy9493 + -7j7 3 -9296 + -7jy9 2 9492 + yy9492H — 7jy9 2 94+y7-949294 + -7£7-92 + -7-7-9492- 

B pa6oTe [5], nocBHineHHOii aHajin3y Ha MHoroo6pa3HH co cbh3hoctbk>, IIIapa(pyT^,HHOB 
BBeji MHoroHjieHBi p a 'P , HrpaKHinie pojib CBoero po,n;a CTpyKTypHBix KOHCTaHT b ajire6pe 
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/iiicpcpepeHHiiajibHbix onepaTopoB. KaK 6bijio noxasaHO aBTopoM b [2], Me>Kfly sthmh MHoro- 

HJICHaMH II flBOHHblM SKCnOHeHHIiajItHblM 0T06pajKeHHeM HMeeTCH CBH3b, KOTOpyiO MOJKHO 

onHcaTb npii noMomii npoHSBOflflHieii (py hkihih : 

^iM + W^. p a,P M = e i{h(v, W )-v- W (1Q) 

CpaBHHBaa KOsepcpimiieHTbi npn v a w^ fljia |/3| = 1, mbi nojiyHHM paBeHCTBO 

|q|— n k 

hjih, b HHfleKCHbix o6o3HaHeHiiHx, tp 1 . . . ii Jn io fc pO'i-"Jn.)>( fe ) (x, £) = i~ n {H n {v)w,£). TaKIIM 
o6pa30M, MHoro^jieHbi p Q,/3 npii |/3| = 1 HenocpeflCTBeHHO CBjraaHBi c onepaTopoM H\ a \. 
HanpHMep, fljia n — 3 mm hmggm 

Tax KaK (i? 3 (w)w,^) = (^(^(v)^, £) = ^ v J u fc f ' w m j MM 7 B o6o3HaHeHiiHx [5], no- 
jiynaeM paBCHCTBO 

BbiHHCjieHiie p a '^ fljia > 1 npii noMomii npoii3BO,ii;flHieH cpyHKHiin CBOflHTca k Haxo»c- 
,u;eHHio cjiaraeMbix pfl,na Teiijiopa cpyHKHiin /i, nopH^OK KOTopbix no BTopoit nepeMeHHOii 
He npeBOCxo,n;HT B npHHiiiine, 3Ta sa^ana mojkct 6biTb peineHa TeM »ce MeTOflOM, c hc- 
nojib30BaHiieM BMecTO (7) o6nnix KOMMyTauiiOHHbix cooTHOineHHii [6]. 0,nHaKO Ha npaKTHKe 
cooTBeTCTBypomiie BbiHHCjieHHH cymecTBeHHO cjiojKHee. 
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